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Time-Dependent Probability
Density of Statistical
Mechanics

R. G. Carbonell' and M. D. Kostin'
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Methods based on the density matrix for calculating the time-dependent
probability density of a quantum system approaching equilibrium are
presented. Explicit expressions are derived for the time-dependent proba-
bility density for a double-well potential. The effects of tunneling and
transitions between energy levels on the probability density are discussed.
For the case of closely spaced energy levels, a partial differential form of the
density matrix equation is derived and used to calculate time-dependent
probability densities.
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1. INTRODUCTION

The probability density P(r) of a quantum system at equilibrium at tempera-
ture 7 can be calculated by solving the time-independent Schrddinger
equation for the wave functions ¢,(r) and the eigenvalues ¢, and then sum-
ming the series

P@) = 071 > exp(— e, /kT) |ha(m)|? o))

where Q is the parition function and & is Boltzmann’s constant. If the quan-
tum system does not interact strongly with its surroundings, the equilibrium
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probability density depends only on the properties of the system. On the
other hand, the time-dependent probability density depends both on the
properties of the system and on the interaction potential between the system
and its surroundings. A practical method based on the density matrix for
treating the interaction between a quantum system and its surroundings has
been proposed by Redfield.>*® It is the purpose of this paper to use a modi-
fied form of Redfield’s method to obtain the time-dependent probability
density of a quantum system approaching equilibrium. The case of discrete
energy levels will be treated first and an explicit expression for the time-
dependent probability density for a double-well potentizl will be derived.
Next the case of closely spaced energy levels will be studied, a partial dif-
ferential equation for the time-dependent probability density will be derived,
and explicit solutions will be given.

2. DENSITY MATRIX EQUATION FOR PROBABILITY DENSITY

Consider an ensemble whose members consist of a quantum system of
interest surrounded by a temperature bath.®-? The Hamiltonian of the system
H(r) and the Hamiltonian of the bath A4(R) are both considered to be time
independent. There is a weak interaction between the system and the bath,
represented by the time-independent interaction operator H(r, R). The
variables r and R are the generalized coordinates of the system and bath,
respectively. The total Hamiltonian for the combination of the system and
bath is

H(r, R) = Hyx) + HyR) + Hr, R) )

The eigenfunctions ¢,(r) and @;,(R) of the system and bath are given by
Hy(r)$n(x) = expu(r) 3)
AxR)D,(R) = E;0;,(R) 4)

where ¢, and E; are the eigenvalues of the system and bath, respectively, and
u is a degeneracy parameter.

The wave function ¥(r, R, ) of each member of the ensemble varies
with time according to the Schrodinger equation

it 0¥ (r, R, 1)/t = H(r, R)¥(r, R, 1) (5)
One can expand ¥(r, R, ¢) in terms of the wave functions ¢,(r) and @, (R):

W, R, 1) = > > > ay(t) expl—i(e, + Et/hld, ), R)  (6)
n f U

Substituting Eq. (6) into Eq. (5), multiplying the result by
expli(e, + E/ )t/ (r)0f . (R)
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and integrating over all values of r and R, one finds that the coefficients of the
expansion (6) vary with time according to the equation
i dan’f’u'/dt = Z Z Z Ansy exp[i(en’ — € + Ef’ - Ef)t/h] Gn’f’u’nfu (7)
n f u

where
Gupwors = | | #5050y, dr dR ®)

We are particularly interested in obtaining the ensemble-averaged prob-
ability density P(r, t) of the system, where P(r, t) dr is the probability that a
system of the ensemble has coordinates in dr at r at time 7. To derive an
expression for P(r, t), we first multiply the wave function (6) by its complex
conjugate and perform an ensemble average to obtain the probability distri-
bution P(r, R, ¢) for the combination of system and bath:

F(I', R, t) = <|‘y(ra R, t)|2>

= Z z z Z z Z <a:<'f’u’anfu> exp[i(en’ — €p + Ef’ - Ef)t/h]
n on f f u w
x $r(r)p (1) PE(R)D,(R) ©)]
where the brackets denote an ensemble average. Next, integrating Eq. (9) over
the coordinates of the bath, we obtain
B, 1) = f P(, R, 1) dR
= D > > > K@ sultngu) expli(en’ — e)t/AIBEDBA(F) (10)
n n f U

where use has been made of the orthonormality property of the wave

functions ®;,(R). The total density matrix in the Heisenberg representation
is defined as

prIz-Ifun’f'u’ = <a:~‘f’!’u’an1’u> (11)
= Pafun fru’ CXP[i(€n - & + Ef - Ef’)t/ﬁ] (12)

where p, .50 15 the total density matrix in the Schrédinger representation.
In most applications, one is concerned with the properties of the system only,
not the bath. For these cases it is convenient to use the reduced density
matrix, which is defined as

Ofn’ fz Z <aj:'fuanfu> (13)

= Onn CXP[i(én - €nl)t/h] (14)

where off. and o,,. are the reduced density matrices of the system in the
Heisenberg and Schrédinger representations, respectively. Finally, combining

H
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Egs. (10), (13), and (14), we obtain an expression for the probability density
of the system

P, 1) = 2 2, onn()FE@AD) (15)

Thus, a knowledge of ¢, as a function of time is all that is required to de-
termine the time-dependent probability density. One can make use of the
Hermitian property of the reduced density matrix,

U:.:m = Omp (16)
to derive a more convenient form of Eq. (15):
F(l‘, f) = Z Gnn(t)[¢n(r)]2 +2 Z z Ianm(t)l¢n(r)¢m(r) cos b, (17)

where we have let

Gom = |anm’ exp(ienm) (18)

and all the functions ¢,(r) are to be taken as real without loss of generality.

Redfield assumed that the interaction operator H(r, R) could be ex-
pressed as the sum of products of operators involving the system or bath
alone:

A, R) = > A, (R)L(r) (19)
q

Substituting Eq. (19) into Eq. (8) yields
Gryuniw = 2, Houpw L (20)

q

where

L, = f 3 HOLIE) b (x) dr 1)
Hppowr = f O3 R) L, AR)P,.(R) dR 22)

He also assumed that the bath can be considered to remain in thermal
equilibrium for all time so that the total density matrix could be expressed as

Pufun'f'w = Unn’p(wf) 8ff’ Suu’ (23)
where

plesy) = lexp(— ok, D, exp(—fiey [KT) 24)

and where w; are the eigenvalues of the bath E, divided by #. Combining Eq.
(7) with Egs. (11)~(14) and (20)-(24) and using perturbation theory, Redfield
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found that it was possible to calculate the rate of change of the reduced
density matrix by the equation

donn’/dt = iwn’nonn’ + Z Z Rnn’mm’o-mm’ (25)

where the matrix R, ., is called the relaxation matrix and its elements are
given by

Renmm = 172 Z Z {LanLiin e {@wnn) + Joa@nm)]
. 7
- 3nm Z Lgn'yL%'jqq'(wm'y) exp(hwm’y/kT)
¥

= Sum D LE L4 ju (@) xp(ie,, KT} (26)
Y

where
jul@) =7 5> f dv POVH_ o n i HE o — o) (27)

where 7,(v) is the density of states and w,,, = (e, — €,)/#. It is impractical to
evaluate j,,(w) as defined by Eq. (27) except for a few restricted cases since
the calculation requires a complete knowledge of all the eigenfunctions and
eigenvalues of the bath. Redfield has indicated that Eq. (27) can be taken as
approximately equal to

Jeow) = Hexp(— o2k D)) | A0 AT expliwny i (29)

where A%(¢) is a randomly varying function of time associated with the inter-
action of the bath and the system and (A%0)A7(¢)} is its correlation function.

Some of the elements of the relaxation matrix have physical significance.
The terms R,,., are the probabilities of transition of the system from state
m to state # per unit time caused by interaction with the bath. It can be shown
that the matrix elements R,,,., satisfy the relation

Rnnmm = Rumnn exp(hwmn/kT) (29)

so that the transition probability from m to 7 is related to that from » to m.
It can be shown that

z Rnnmmagn)t =0 (30)
m
where o) is the equilibrium density matrix

o = B [exp(—ea/KT)]/ D, exp(—ew [KT) (3D
One can also prove that
Z Rnnmm =0 (32)
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It has been suggested by Redfield that those elements R, .- of the relaxation
matrix for which ¢, — €, #¢,, — €, are in general ineffective in the relaxation
process. This gives us the simplifying condition

Ronmm =0 if € — € F €y — €y (33)

3. PROBABILITY DENSITY FOR TUNNELING PROCESSES

Studies of the kinetics of the tunneling process YX + Z — Y + XZ,
where group X is transferred through a barrier from group Y to group Z, and
where the distance between group Y and group Z is fixed, have been carried
out by considering that group X is bound by a double-well potential having
two minima separated by a barrier. Successful use of the double-well poten-
tial has been made in analyzing the tunneling of hydrogen-bonded protons
between nucleotide base pairs in DNA® and in investigating the general
problem of tunneling in hydrogen bonds.®® Recently, the effects of thermal
vibrations on the kinetics of the tunneling process have been studied by
solving the time-dependent Schrédinger equation for the double-well poten-
tial in which a fluctuating potential was included.® In this section it will be
shown that the density matrix equations discussed in the previous section can
also be used to take into account the effects of thermal vibrations on tunneling.

We consider the case of a particle in a double-well potential, which will
be referred to as the system. The interaction of the surroundings on the
system is taken to be a stochastic potential of the form

o(r, 1) = A@)L(r) 34

where A(¢) is a fluctuating potential whose correlation coefficient is
{A(QA(r)). According to Eq. (28), the spectral density is

@) = lexp(— fio/2kD)] | CAO)A() cos(wr) dr (39)
At time ¢ = 0, we take the elements of the density matrix to be
oun(0) = Q7T expl— (e, + €,)/2kT] exp(iypn) (36)
where Q is the partition function
0 = 2 exp(=efkT) (37)

and where the phases y,, determine the initial probability density. For ex-
ample, for certain values of vy,,, the particle will be predominantly on one
side of the double-well potential at time ¢ = 0. Since the density matrix is
Hermitian, y,, = 0.
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In this section we will neglect transitions between energy levels and
consider only tunneling phenomena. The density matrix equations (25) then
reduce to

danm/dt = [y Opm + annmonm (38)

where
annm = _h_z(me - Lnn)z.](o) (39)
JO = [ <AOAE) dr (40)
L = | LOUbual@)] di @1)

Equation (38) has the solution

Unm(t) = Gnm(o) CXP(iwmnt - Dnmt) (42)

where
Dum = = Ruman = 7 Lm = Lu® | CAQAGD dr @43)

Combining Egs. (17), (36), and (42), we obtain an expression for the
ensembled-averaged probability density:

P, 1) = Q7' D [$.(D] exp(—e,/kT)
+207 D D bu®®) expl—(en + €n)/2kT] exp(— Dynt)

m>n n

X (COS Yy COS Wyt + SIN Yy, SIN Wy t) (44)

This probability distribution is in agreement with the one previously obtained
by solving the Schrédinger equation for a fluctuating potential and then
performing an ensemble average.® As discussed previously, this result
shows that at sufficiently low temperatures the ensemble-averaged probability
that a particle is on one side of a double-well potential may exhibit damped
oscillations.

Equation (44) gives the probability density of a particle in a double-well
potential as a function of time, but where transitions between energy levels
have been neglected. Next, we will consider the effects of transitions. If the
temperature is sufficiently low, the time dependence of the probability
density can be determined by the two lowest energy eigenvalues of the system
and their corresponding eigenfunctions. Making use of Egs. (25), (26), (28),
and (33), we obtain a coupled set of first-order ordinary differential equations
with constant coefficients for the elements o,4(r), 02:1(f), vas(t) of the density



386 R. G. Carbonell and M. D. Kostin
matrix. Substituting the solution of the differential equation into Eq. (17)
vields an expression for the ensemble-averaged probability density:
P, 1) = [P Q" exp(—e/kT) + [$o(0)PQ " exp(—ea/kT)
+ {[$:10)°[02:(0) — @7 exp(— e /kT)]
+ [$2(0][022(0) — Q" exp(—e/kT)]} exp(— A1)

+ 261 (1)¢o(r)|021(0)] exp(— Agt) cos(ygs — want) 45
where
Ay = 2(Lyo/f)j(ws1)[1 + exp(fiwg, [kT)] (46)
Ay = A7 (Loy — L11)%(0) + (Lya/7)%i(we)ll + exp(fiwy [kT)] (47)
(@) = [exp(fi/2kT)] f: CAQ)A() cos(wr) dr @8)

Here ¢;,{0) and 0,,5(0) are the values of the density matrix at time ¢ = 0 and
ya1 and |a,4(0)| are the phase and absolute value of oy at 1 = 0.
If we let the initial conditions be

011(0) = Q7! exp(—« /kT) 49)
022(0) = Q7' exp(—e/kT) (50)
lo21(0)] = Q' exp[—(e; + €2)/2kT] (5D

and consider the case where there are no transitions (L,, = 0), then the
probability density of Eq. (45) reduces to that of Eq. (44). Thus, in this case,
transitions give rise to an additional decay term with decay constant A, and
result in an increase in the magnitude of the decay constant A, by the amount
(Laa/ W% (w1 + exp(fiwsy [KT)].

4. PARTIAL DIFFERENTIAL EQUATIONS

Consider a system with an infinite number of closely spaced discrete
energy levels e, €1, €3, €3,.... We assume that transitions can occur only
between neighboring energy levels so that

L, =0 for n>m+ 1 (52)
and that the elements R,,nm., Where n = m + 1, are of the same magnitude:
Rypom = D for n=m+ 1 (53)

Condition (52) implies that
Rywwm =0 for n>m+1 (54)
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According to Eqgs. (25), (26), (29), and (52)-(54), the rate of change of the
on-diagonal elements of the density matrix is given by

dogldt = Rys_15-105-15-1 + RisssOss + Ress 154154 1541 (55)
where
Ry 15-1 =D (56)
Ry = — D[1 + exp(Bfiwg_4)] (57)
Rssv1s11 = D exp(Bhiwg, 1) (58)
= (kT)~? (59)

We now define functions w(s) and o(s, ¢) by the relations

w(s) = wsy1s (60)
a(s, 1) = oi(1) (61)

and we will treat systems where these functions can be taken as continuous
and differentiable. Expanding o(s + 1, ¢), ofs — 1,¢), and w(s — 1) in a
Taylor series about s, e.g.,

9o(s) + 1 2%(s)

o(s + 1, 1) = ols) + s T35

+ - (62)

we obtain from Eq. (55) a partial differential equation for o(s, )

da(s, 1) o? a(s, t)

o~ D

+ Dﬁﬁ— [w(s)a(s, 1)], B=(kT)"* (63)

where we have used the conditions f%w « [ and B#|éw/0s| « 1 and neglected
higher order terms. Using a similar procedure for the s = 0 equation, we
obtain the boundary condition

8"(0 9900 4 Bhra(0)s(0, 1) = 0 (64)

At equilibrium, the elements of the density matrix are

Oss = Q—1 eXp(—ﬁ€s) (65)
Since the energy levels are closely spaced, Eq. (60) gives us
w(s) = (€41 — &)/ = (1/#) de(s)/os (66)

Integrating Eq. (66) yields

e(s) = # f: w(s) ds (67)
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Therefore Eq. (65) becomes
o(s) = 01 exp[—ph f o(s) ds) (68)
0

It is readily confirmed that Eq. (68) satisfies Eq. (63) when do/df = 0.

Let us apply Eq. (63) to the case of a one-dimensional harmonic oscil-
lator. Here w(s) = w, a constant, and the partial differential equation (63)
becomes

oo(s, 1) _ %

0
o = 3—S2+Dﬁhwa—‘; (69)

We consider an ensemble of systems all of which are in state p at time ¢ = 0.
The elements of the density matrix at time ¢ = 0 are

gmn(o) = pp Snp (70)

According to condition (33), the differential equations (25) for the off-
diagonal elements do,,/df do not depend on the on-diagonal elements.
Therefore, since all off-diagonal elements are zero at time ¢ = 0, they will all
be zero at any later time:

o) =0 if m#n (71)

Thus for this case the behavior of the system is determined entirely by the
on-diagonal elements.

Applying a Laplace transform to Eq. (69) and using the boundary condi-
tion (64) and the initial condition

o(s, 0) = (s - p) (72)

yields the solution

ofs, 1) = (4nDr)~"*exp[—(s + p)*/4Dt] + exp[—(s — p)*/4Dt]}
x exp[—(Bhw(2)2Dt — (s — p)(Bhw/2)]
+ (Bhw/2) exp(—sBtw/2)
x erfel(s + p)(@Dt)~12 — (Dt)2B%w/2] (73)
We wish to use Eq. (73) to obtain an expression for the ensemble-
averaged probability density of a harmonic oscillator at large time. The
asymptotic expansion of Eq. (73) at large time is
o(s, t) X Bhw exp(— Bhiws)
+ (pBhiw — 2)(Bhw)~HmD?t%) ™2 exp(— Dif*H*w?[4)
X (sBhiw/2 — 1) expl(p — s)Bfiw/2] (74)
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Since the off-diagonal elements of the density matrix are zero in this case,
the ensemble-averaged probability density becomes

P(x, 1) = 2 ofs, Dpx)? (75)

S

where ¢(x) are the wave functions for the one-dimensional harmonic
oscillator. Substituting Eq. (74) into Eq. (75) yields

P(x, t) ~ BhwS(x, B)
+ (pBho — 2)(Bhiw)~*(wD3%)~ V2 [exp(— Dif*#H%w?/4)]
x [exp(ppliw/2)]
x > (sBhw(2 — 1)[exp(— sBhiw/2)][$(x)]? (76)
where '

S(x, B) = D, lexp(—sBic)][$,(x)]? (77)

The quantity S(x, 8) has been previously evaluated®
S(x, B) = (mw/2mh)?[sinh(Bhw)] =12 exp(Bhw;2)
x exp[— (x?mw/#) tanh(Biw/2)] (78)

We note that the second sum in Eq. (76) is equal to S(x, 8/2) and the first
sum is equal to
oS(x, B/2 sBh —sBh
LGP _ s e oy I g 79)
Making use of Egs. (76)—(79) and the condition Bfw « 1, we obtain an

asymptotic solution for the ensemble-averaged probability density at large
time

P(x, t) = (Bmw?[27)Y2 exp(— x*Pmw?(2)
+ (m[n#2B) 2 [(pBhiw/2) — 1]U(x, 1) (80)
where
U(x, t) = (4= D3t3)~ 12 exp(— D1p?#%w?[4)
x (x%Bmaw? — 2) exp(— x*Bmw?/4) (81)
The second case that we consider involves a temperature change at time
t = 0. For ¢t £ 0, we assume that the system is in thermal equilibrium at

reciprocal temperature « = (k7T')~1, so that the on-diagonal elements at
t = Qare

o(s, 0) = afiw exp(— afiws) (82)
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and the off-diagonal elements are all zero. As in Eq. (71), the off-diagonal
elements will then remain zero for all time. Again using Laplace transforms
yields

ofs, t) = (Bhiw/2) exp(—sphw) erfc[s(4Dt) =2 — (Dt)?Bhiw/2]
+ afiw exp(—sefiw) exple(a — B)A2w?Dt]
— (afiwf2) exp(—sahiw) exple(a — B)A2w?Dt]
x erfc[s(4Dt)~12 + (1B — a)fiw(Dr)*?]
+ (¢ — B)fiwf2) expl(e — BYiws + a(a — BYHPw?Dt]
x erfe[s(4Dt) =22 =~ (1B — a)fiw(Dr)*?] (83)

Repeating the procedure used to derive Eq. (80), we obtain another asymp-
totic solution for the ensemble-averaged probability density at large time
P(x, 1) = (Bmaw?2m)"? exp(— x2Bmw?[2)

+ (m[zhB) P — o)« — 1B)"2U(x, 1), « > (84)

where U(x, ) is given by Eq. (81).

In summary, methods based on the density matrix have been given for
calculating the ensemble-averaged probability density as a function of time
for a quantum system approaching equilibrium. Expressions for the time-
dependent probability density have been derived for a particle in a double-
well potential, and the processes of tunneling and transitions between energy
levels have been studied. In addition, where the energy levels of a quantum
system are closely spaced, a partial differential form of the density matrix
equation has been derived, and exact and asymptotic solutions for the
density matrix and probability density have been obtained.
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